MATH3705 A — Test 2

Name and Student Number:
Total points: 20. No partial marks for Questions 1-4.

Closed book! Non-programmer calculators are allowed!

[2] 1. Find the general solution of z%y” — 4xy’ + 6y = 0 for x # 0.

() el + calal* (D) el ™ 4 cala| ™ (c) eala|™F + colw[ ™

(d) crfa? + ol (e) eafal* + colzf’

Solution: (e)

The indicial equation is
P —=5r+6=0=r=23

The general solution is
y(@) = crlz]* + eozf.

[2] 2. Find the general solution of z%y” + 5zy’ + 4y = 0 for z # 0.

(a) c1]z]? + ol 2 Injz|  (b) |z 2 + |z In|z|  (¢) c1]z]? + colz* In ||

(d) erlal + el ™ (e) el ™ + cafar| 7 In |2

Solution: (e)

The indicial equation is
P 4dr+4=0=>1r=-2

The general solution is
y(x) = ci|z|™? + colz| 2 In |z



[2] 3. Which of the following is a solution of z?y”(z) + zy/(x) + (32 — 4)y(x) = 0, for z > 0:
(2) Ja(v3z) (b) Ju(V3x) (c) Jo(dz) (d) Jy5(22) () Jy5(4a)

Solution: (a). Note that \> = 3 and v? =4, = A = v/3 and v = 2. Hence

ni(2) = B(V3z), y(z) = Ya(V3a).

[2] 4. Which of the following is a solution of z?y"(x) + xy/(z) + (2* — 2.25)y(x) = 0, for x > 0:
(a) J_1s5(x) (b) Ji(1.5x) (c) Yaos(x) (d) Yi(2.25x) (e) Yi(1.5x)

Solution: (a). Note that A?> =1 and v? = 2.25, == A =1 and v = 1.5. Hence

yi(z) = Jis(w), walz) = J 15(2).



(5] 5. Find the first four terms of the series solution about x = 0 of the initial value problem

@2+ 1)y +y +y=0, y(0)=1,4(0)=-2

Solution: Since z = 0 is an ordinary point of this equation, we may let
y:ao+a1x+a2x2+a3x3+a4x4+... .

Then
Yy = ay + 2a0x + 3agx® + dagxd + -+

y" = 2ay + 6asx + 12a42* + 20asz> + - - - .

Substitute them into the differential equation,
(2° + 1)(2as + 6azz + 12a42® 4+ 20as2” + - -+ ) + (a1 + 2a0w + 3azz” + dagz® + -+ )

+(ag + a1 + apx® + asz® + agxt +---) =0,

ie.,
(ap + a1 + 2as) + (a1 + 2as + 6ag)x + - - = 0.
(2 points)
We have
ap = y(0) =1,
a1 =y'(0) = -2,

1
a0+a1+2a220,a2:§,

1
a1+2a2+6a3:0,a3:6,

The first four terms in the solution to this problem is

1 1
y:1—2x+§x2+éx3+~--.

(3 points)



[7] 6. Consider the following equation
2y + (x — 0.5)y — 0.5y =0

for z > 0 near o = 0. We see that (o = 0 is a regular singular point. Let

y= ch(r)x””, co(r) = 1.
n=0

The recursive relation is

—1
(r),n > 0.

() = g edn 2

(1) (2 points) Write down the indicial equation and solve it to determine 71 and 79, 71 > 5.

Solution: We rewrite the DE as

L, x—05, 05
y' oty - —y =
xz Xz

Then

rp(x) = —0.5+2, 2°q(x) = —0.51.

Thus pg = —0.5,qp = 0. The indicial equation is:
P24+ (po—1r+q¢=0.=r>—15r=0.=r = 1.5, = 0.

Note that r; — o = 1.5, so we have Case (i).

(2) (4 points = 2+2) Solve ¢, (1) and ¢, (r2).

Solution: Take r =r; = 1.5, by the recursive equation,

—1

Cni1(1.5) = - 2.5cn(r),n > 0.
—1 —1
c(1.5) = TSCo(lﬁ) =35
_ -1 _ (=1
CQ<15) = 501(15) = 5 5(35); )
cn(1.5) = (=1)" or (=2)" n>1.

©2.5(3.5)...(n+ 1.5)

Take r = ry = 0, by the recursive equation,

cn1(0) = nlllcn(r),n > 0.
e(0) = Teo(0) = =,
o(0) = a0y = S

2 1(2)



n 0) = , >1
@O0 =T m = "
(3) (1 point) Find two linearly independent solutions.
Solution: By (2) we have

15 TL+15 15
*;m()mﬂa +Z5

3

SIE

n=0

2n+3)

n+1.5



